The neutrino counting reaction e+ e--> vv, is analyzed by calculating the W-exchange diagrams exactly. Around the Z-boson peak the difference between the exact calculation and the calculation in the point interaction approximation (PIA) o~ the W-boson contribution is less than a few percent in the total cross section. By making use of the Fierz transformation it is shown that the QED correction to the W-contribution and the interference in PIA is the same form as that to the Z-contribution. The distributions of Z-boson and W-boson contributions in PIA with the QED correction are compared with those of the main background e+ e--> e+ e-, under various kinematical cuts. When the energy is fairly above the Z-boson peak and some reasonable cuts are made, the neutrino counting is really feasible by using any of energy, transverse momentum and angular distributions. At the energy slightly above the Z-boson peak the neutrino counting can be made . possible only by the photon transverse momentum distribution. § 1. Introduction width of Z-boson which amounts to 170 to 180 MeV for LlNII = + 1. To measure the width precisely, the beam spread in energy should be less than 20 MeV. S ) Another method is to measure the cross section of e+e-"'" lID"r proposed by Ma and Okada. 6 ) Since this cross section is fairly large, when the eM energy is close to the Z-boson mass, and almost directly proportional to Nil, the latter method is considered to be more favorable. In this paper we consider this neutrino counting reaction_
One of the most interesting questions about the standard model of the electroweak theory is the number of the low mass neutrinos (Nil). There are several methods for the determination of it. In cosmology the primordial He 4 abundance is very crucial to Nil. The recent measurement of neutron life time 1 ) and the arguments about the baryon density in the early universe suggest that Nil is less than or equal to 4_2) In accelerator physics there are data from SPPS 3 ) and PEP. 4
)
Since these are not precise enough for the determination of Nil, the definite conclusion is considered to be obtained in the near future from the data by the electron-positron colliders LEP and SLC.
In these colliders the Z-boson peak can be hit, which opens two possibilities for the determination of Nil. One is the measurement of the increase in the total decay them in the Appendix and compare it with that in PIA in § 2. We summarize in § 3 the features of QED correction to the Z-boson contribution 8 ), 9) and extend it to the W-boson contribution and the interference in PIA. It is well-known that the main background to this reaction is the radiative Bhabha scattering e+ e---> e+ e-y with the unobserved final electron and positron.10),Il) In § 4 we compare this background reaction with the neutrino counting reaction with the radiative correction under various kinematical cuts. Discussions and conclusion are given in the last section. § 
Kinematics and the Born cross section
We consider the reaction (1) in the eM system by using the following notation: (3) (4) (5) In the Born approximation the electron mass can be neglected since the emitted photon is detected. Then the possible Higgs particle contribution can be disregarded and the reaction is described by the five Feynman diagrams in Fig. 1 .
The diagrams in Figs. l(a) and (b) are induced by the Z-boson in s-channel and effective for all the neutrino pairs. . They are U(l) gauge invariant by themselves and described by the following Lagrangian density. 
They are expressed in terms of the gauge boson masses for convenience when the on-shell renormalization is adopted in the standard SU (2) x U(l) theory. On the other hand the diagrams in Figs. l(c)~(e) induced by the W-boson in t-channel are effective only for the electron neutrino pair production. It is described by
2j2(Mi-Mw 2 ) .
Mz (8) This contribution is usually calculated by neglecting the W-boson propagator, Le., in PIA. In this approximation the diagram 1(e) can be neglected and the resultant two diagrams make a gauge invariant set. After the Fierz transformation we have the following effective Lagrangian density.
for e+e----> vv(y) in the 't Hooft-Feynman gauge. Since the electron mass can be neglected, there is no interference between the left and right handed currents. Thus the W-boson contribution and the interference can be easily obtained by replacing the coupling constant and the propagator in the Z-boson contribution by the corresponding ones.
In the Appendix we give the exact calculation (EC) of these W-boson contributions, in which the W-boson propagators are directly integrated in a specific frame. We have checked this result by other two methods. One is made by using the symbolic manipulation program REDUCE 12 ) to decompose the numerator of the integrand into the power series of the denominator as was done by Bento et al. 13 ) The other is made by performing the four-dimensional phase space integral by means of the Monte Carlo integration program BASES. 14 ) All the methods give the same answer within four digits.
We show the result of exact calculation in Fig 
The result in Fig. 3 (a) means the follow-· ing points: (1) in the lower energy region PIA deviates from EC by almost 10 %, depend on the kinematical cuts given in Eq. (12) . The relative contribution of Z-boson in EC is also shown in Fig. 3 (b). The approximate calculation of the reaction by the Z-boson only is valid only in a ,rather narrow region of W, say, 96 to 100 Ge V. On the other hand, the absolute value of the cross section in Fig. 2 is large in a wider range of W around the Z-boson peak. Thus for the determination of NJ) it is better to treat the W-boson contribution in EC or PIA. § 3. QED radiative correction
Now we consider the neutrino counting reaction around the Z-boson peak, where the difference between the W-boson contribution in PIA and in EC is very small. We add the QED virtual correction and the correction due to the real photon emission to the Born cross section induced by the Z-boson exchange and the W-boson exchange in PIA. The diagrams of virtual correction are obtained by attaching the virtual photons to the Born diagrams. For the axial-vector vertex of Z-boson, the counterterm is assumed to be identical to that for the QED vertex. 8 ), 9) After the Fierz transformation the matrix element of the W-boson contribution in PIA is identical to that of the Z-boson contribution to the left handed electron except trivial multiplicative factors. Since the electron mass in numerator can be neglected, the helicity does not flip even at the one-loop level. Therefore the above QED correction to the Z-boson contribution is commonly applied to the W-boson contribution and the interference. The result is given by
where
In order to take into account the real photon emission process, we consider the six diagrams which are generated by attaching one more external photon line to each of the Z-bosonexchange Born diagrams. The corresponding diagrams in the case of the W-boson exchange in PIA are treated similarly. As the final state contains two photons in these diagrams, we take into account the Bose statistical factor properly. For the correction due to the real photon emission we consider (i) the soft photon with energy up to LIe, (ii) the collinear photon emitted along the incident beams within Be, (iii) the parallel photon emitted along the signal photon within Bp , and (iv) the undetected photon with energy larger than LIe and transverse momentum kT less than a definite value. In the following we fix Be=5' and Bp=l' but change the conditions (i) and (iv) in accordance with the kind of distributions. The soft photoncontribution is given by
of which infared divergence cancels that in the virtual correction. The corrected distribution d(]/dx at W=104 GeV integrated over 10':O;:B ~ 170' is shown in Fig. 4 . The sum of virtual correction and the soft photon contribution is negative and large in the absolute value when we set the soft photon energy cut Lle~O.l GeV; but the real photon emission gives a large positive correction, the most of which stems from the collinear singularity. The initial e+ e-system loses energy by emitting photons and can hit the Z-boson peak when the invariant mass of j) l7 system is equal to Mz, i.e., where Xl is the energy fraction of the detected photon, X2 is that of missing photon and 8 rr is the angle between these two photons. Since the second term in Eq. (16) is positive definite, the Z-boson peak is always hit if _ <1_Mi
This gives rise to a large radiative tail and even to the shift of the peak position. As a result the one-loop correction seems insufficient for the analyses of the events in the tail region. It should be however noted that, although each contribution of virtual and real corrections is large, the area covered by the resonance increases only less than 20 % and that the two-loop correction is expected to be by far smaller than the possible contribution of one more neutrino pair. As shown in the next section, when the distribution is modified into d6/dxT, i.e., the transverse momentum distribution in xT=x·sin8,
the Z-boson peak is smoothed out and the radiative correction becomes smaller at any points. This is due to the fact that the value of XT corresponds to the various values of X satisfying Eq. (18) and that the large radiative correction in x-distribution is thus redistributed almost equally. This kind of redistribution is also expected in the case of d6/dy. § 4. Comparison with the radiative Bhabha scattering N ow we compare various distributions of photon from the neutrino counting reaction itself with those from the radiative Bhabha scattering.17) First we show a global comparison of them. For the neutrino counting reaction we include the QED correction with the conditions (i) lIc=0.5 GeV besides (ii) 8c=5" and (iii) 8p =I". For the radiative Bhabha scattering the vetoing angle for electron 8v is taken to be 5", 3" and I". For the detected photon we integrate both cross sections over co~l GeV and 8m to 7 [ -8m where 8m is the minimum scattering angle for a detected photon. The results are shown in Fig. 5 . The energy (W) dependence of the cross section of radiative Bhabha scattering with the fixed 8v is rather small, because its magnitude is determined mainly by the tor t'-singularity.17) The cross section of the radiative Bhabha scattering depends strongly on the angle cut 8m• When the angle cut 8m becomes larger, the photon energy cannot reach the minimum energy of a detected photon, namely, 1 Ge V because of the momentum balance. Thus it becomes zero for larger 8m. It is clear that around the Z-boson peak the background reaction can be easily reduced if suitable cuts are made.
In order to see more details, we compare the distribution d6/dy of them at W =96 and 104 Ge V (Fig. 6 ). This distribution for the radiative Bhabha scattering is symmetric with respect to y, since it is integrated over 8e-::;;' 8v and 8e~ 7 [ -8v. It shows a steep forward peak due to the tor t'-singularity. The radiative correction for W =104 GeV (Fig. 6(b) ) is uniform and rather small; since co can take a small value of 1 GeV, the smallness is a result of the cancellation between the positive correction in small x region and the negative correction in large x region. When the minimum value of (f) is made larger, there appear two effects (Figs. 6(c) and (d)). One effect is that the radiative correction to the neutrino counting reaction becomes negative and larger in magnitude. The other is the reduction of the background. The signal cross section however remains almost constant in the magnitude as far as the resonance peak is caught. For the case W=96 GeV, the clear signal cannot be obtained by this method of the photon energy cut. Because the energy is so close to the Z -boson peak that the larger photon energy cut diminishes the signal as well as the background.
The comparison for d6/dx is made in Fig. 7 . They are integrated over y by setting 8m =10°. For the neutrino counting reaction we include the radiative correction with (i) llc=0.5 GeV. In this case the configuration of final particles in Fig. 8 
Actually other types of configurations give rise to minor contribution in the larger x region. The vetoing angle gives a fairly sharp cut on the background cross section. The cross sections giving clear signal are given in Table 1 . In order to draw useful information from this distribution, the vetoing angle should be kept as small as possible and the total energy should be large enough to be over the Z-boson peak where the number of events is large and the radiative correction is small.
In the distribution d6/dxT, the events generated by the tor t'-singularity of the radiative Bhabha scattering are driven into the region of small XT and the maximum XT is determined by the simplest kinematical configuration in Fig. 9 .
{ 0.1603 xT,max=2sin8v/(l +sin8v)= 0.0995 0.0343 (8v=5") , (8v=3") , (8v =1") . (21) The comparison is ma~e in Fig. 10 . The conditions for the radiative correction are (i)Lle=0.2 GeV and (iv) kT=l GeV. The condition (iv) corresponds to the case where a real photon with energy larger than LIe and transverse momentum less than kT is emitted but is not observed. The use of XT instead of x restricts the kinematically allowed region of background into a very small one. Since the cut due to the vetoing· . angle is sharp enough, the use of this variable XT may give a good means of reducing the background. The signal cross sections are given in Table I.  § 5 
. Discussion and conclusions
In § 2 and the Appendix we have given the exact calculation of the contribution of t-channel W-boson to the neutrino counting reaction. It is shown in Fig. 3 that around the Z-boson peak the difference between the exact calculation and that in PIA is negligible and that above the peak the contribution of W-boson becomes larger and deviates from that given in PIA. The former property makes it feasible to determine the neutrino number slightly above the Z -boson peak by treating the W-bosonchannel in PIA. The latter property is recently proposed to be useful for the study of the W-boson gauge coupling with photon. 18 ) In § 3 we have described the qualitative features of the QED correction to the neutrino counting reaction. It is remarkable that in PIA the QED correction to the Z-boson channel can be extended to that to the W-boson channel and the interference. In the distribution d(J/dx for the energy fairly above Mz, e.g., W=104 GeV, it gives a large correction in the resonance tail of Z-boson but not so large at and above the peak. When integrated over it is rather small and less than 20 %. At the Z-boson peak in x-distribution where the effect of W-channel can be neglected, our result is in accordance with that in Ref. 19 ). However if the total energy W is set larger to reveal the whole Z-boson peak, the effect of W-channel becomes)arger when x is off the Z-boson peak (Fig. 11 ).
These distributions in actual experiments have the kinematical regions shaded by the radiative Bhabha scattering as shown in § 4. The shaded area, which depends on the vetoing angle av, changes rather strongly in the case of y and x distributions but rather weak in the XT distribution. In experimental data the shaded area adds up to the signal cross section. In the cases of x and XT distributions, the cut due to the vetoing angle for e± is strict enough and makes a dip or dent in the apparent distribution; as a result the elimination or the subtraction of the background shall be easily done. On the other hand this cut does not work effectively in the y distribution unless the photon energy cut is also taken into account. Another important factor in choosing adequate variable is how the apparent cross section of the neutrino counting reaction depends on the variables. The resonance peak is clearly seen in the x distribution, vague in XT distribution and completely smoothed in y distribution. At higher energy, e.g., W=104 Ge V, 10) one can get clean signal by using anyof y, x and XT distributions. In the case of x distribution the vetoing angle for the radiative Bhabha scattering must be kept small; if it is not quite small, say, larger thim 2°, a larger total eM energy must be chosen to revyal the Z-boson peak clearly. In the case of y distribution the photon energy cut must be made to get clean signal. Thus the best means of determining Nu seems to be the use of XT distributi"on. At lower energy, e.g., W~96 GeV,ll) although the signal cross section itself is large, the most of its largest part is covered by the radiative Bhabha scattering. A method of driving the latter reaction away is the use of the variable XT. The other variables seem useless in this energy, since the background elimination is rather difficult in the case of y distribution while the signal is not quite large in the case of x distribution.
The large radiative correction stems from the radiative tail in the x distribution. In the case of x and XT distributions the region where the radiative correction is large is masked by the radiative Bhabha scattering. In the distribution drJ/dy the radiative correction can be made small by choosing the photon energy cut as small as possible, e.g., Q)~1 GeV at W=104 GeV. Since the large radiative correction is due to the nature of narrow resonance of Z-boson, it may be necessary to exponentiate the initial state correction. 20
)
It seems however more important for the determination of low mass neutrino species to take into account the full SU(2)x U(I) correction, because the weak correction at the Z -boson peak is large. 21 
In the following we list the results; the Roman letter in the cross section indicates the Feynman diagrams in Fig. 1 
